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ABSTRACT

Hardness and fracture toughness are some of the most important mechanical properties. Here, we propose a simple model that uses only
the elastic properties to calculate the hardness and fracture toughness. Its accuracy is checked by comparison with other available models
and experimental data for metals, covalent and ionic crystals, and bulk metallic glasses. We found the model to perform well on all datasets
for both hardness and fracture toughness, while for auxetic materials (i.e., those having a negative Poisson’s ratio), it turned out to be the
only model that gives reasonable hardness. Predictions are made for several materials for which no experimental data exist.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5113622

I. INTRODUCTION

Hardness is the material’s resistance to local deformation induced
by pressing a harder solid (indenter). It can be characterized by
various scales depending on the method of measurement. The most
common scales are Brinell hardness (HB), Rockwell hardness
(HRC), Knoop hardness (HK), and Vickers hardness (HV). These
hardness scales are widely used in standardized tests in engineering
and metallurgy.

Fracture toughness KIC characterizes the ability of a material to
resist propagation of a fracture. Quantitatively, it can be determined
from the stress intensity factor K at which a thin crack in the material
begins to grow.

Both of these characteristics are very important in materials
science. For example, materials used in drilling and cutting technologies
require both high hardness and fracture toughness. However, the values
are often quite difficult to measure accurately because the applied stress
can depend on a variety of factors including the orientation of the
material, the loading forces, and the geometry of an indenter.
Hardness and fracture toughness depend on grain size,1 presence of
defects, conditions of loading, etc. As a result, the experimental values
of hardness can vary by much more than 10%2 for the same material.

Accurate models of hardness and fracture toughness would be
useful for designing experiments and for the computational design
of new materials.3 Since these areas are usually demanding for
computational resources, models, which could allow fast and
simple estimation of the properties, are of particular interest.

Therefore, there had been many attempts to establish corre-
spondence between hardness and fracture toughness with the
elastic properties of materials, because they are easier to measure
and many experimental data are already available. Although hard-
ness and fracture toughness are not purely elastic phenomena,
there are two big reasons why a good correlation can be established.
The first one is that many materials are brittle and fail in or near
the elastic regime. The second one is that all of these parameters
are functions of material structure and if some parameter or their
combinations give sufficiently different values for several classes of
materials, it can be a strong predictor of the other properties
including those connected with plastic behavior.

The first successful model of such a type was proposed by
Teter,4 who found that the relationship between the hardness and
shear modulus is approximately linear (Fig. 1).

Although this correlation works quite well for particular
classes of materials, using the shear modulus alone to predicting
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the hardness has its limitations. For example, the shear modulus of
B6O is about the same as that of TiN, while its hardness is about
1:5 times higher.

Chen et al.5 proposed to use the bulk modulus B together with
the shear modulus G to predict hardness. They obtained the follow-
ing formula by fitting the experimental data on crystalline materials:

H ¼ 2
G3

B2

� �0:585

�3: (1)

For this expression to work correctly, G, B, and H must be
expressed in gigapascals. This model, while working quite well for a
wide class of materials, also has certain limitations. For instance, it
overestimates the hardness of materials that have low or negative
Poisson’s ratio. Besides, it incorrectly predicts the hardness for
unusually hard materials like OsB2 and can give unphysical nega-
tive hardness values for soft compounds.

There are also models that attempt to calculate the hardness
from the chemical bond properties. For example, in Gao’s6 model,
the hardness depends mainly on the bond length, average electron
density, and ionicity. Šimůnek and Vackář’s7 model uses the chem-
ical bond strength. Li et al.8 use the electronegativities, covalent
radii, and the bond length, and Lyahov-Oganov model9 augments
it with the bond-valence model and graph theory.

A reliable model of fracture toughness was proposed by Niu
et al.10 who used the following empirical formula to calculate the
fracture toughness of insulators and semiconductors:

KIC ¼ V1=6
0 G(B=G)1=2, (2)

where V0 is the volume per atom.
For pure metals and intermetallic compounds, they introduced

an enhancement factor α:

α ¼ 43g(EF)
1=4
R fEN, (3)

where g(EF)R is the density of states at the Fermi level relative to the
free electron gas, and the electronegativity factor fEN equals 1 for pure
metals, while for binary compounds AmBn, it is determined as

fEN ¼ β 1þ C1
mC

1
n

C2
mþn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(χA � χB)

2

χAχB

s2
4

3
5
γ

,

,
(4)

where C1
m, C

1
n, and C2

nþm are binomial coefficients, and χA and χB
are the Allen electronegativities11 of the elements. The parameters β
and γ are obtained by fitting the experimental data.

The resulting fracture toughness is then determined as

KIC ¼ (1þ α)V1=6
0 G(B=G)1=2: (5)

II. MODEL AND RESULTS

A. Hardness

Among the different scales of hardness, we chose the Vickers
hardness because it is one of the most convenient, is widely used in
tests, and many experimental data are available. It can be used for
most solid materials, has a well defined numerical scale, and the
variance of the values in different experimental settings is often
small compared to other methods.

Experimentally, the procedure consists of applying a diamond
load in the form of a square-based pyramid into the sample and

FIG. 1. Correlation between experi-
mental Vickers hardness H and shear
modulus G on different scales. The
dashed line denotes the theoretical
coefficient obtained in Ref. 5.

FIG. 2. A microscopic image of indentation on a metallic surface from a Vickers
hardness test obtained from Franco et al., Mater. Res. 7(3), 483491 (2004).12

Copyright 2004 Author(s), licensed under a Creative Commons Attribution
(CC BY) license.
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FIG. 3. Experimental data for the
shear modulus G vs bulk modulus B
and Young’s modulus E vs Poisson’s
ratio ν for covalent and ionic crystals
(Table I).

FIG. 4. Plot and fitting of χ(ν) for experimental data for
covalent and ionic crystals and bulk metallic glasses
(Tables I and II).

FIG. 5. Plot of Vickers hardness H vs χ(ν)E for experi-
mental data for covalent and ionic crystals and bulk metal-
lic glasses (Tables I and II).
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TABLE I. Comparison between experimental hardness and hardness predicted by the current model and models of Chen,5 Gao,6 and Simunek7 for covalent and ionic crystals. The
elastic properties are calculated within the framework of density functional theory using the Perdew, Burke, and Ernzerhof (PBE) exchange-correlation functional13 within the generalized
gradient approximation and the projector-augmented wave method14 as implemented in the Vienna Ab Initio Simulation Package (VASP).15,16 The calculated Young’s modulus E and
Poisson’s ratio ν are determined within the Voigt-Reuss-Hill approximation.17 Root Mean Square Error (RMSE) and Mean Absolute Error (MAE) are provided for the comparison.

Material
Young’s modulus E

Poisson’s ratio ν
Hexp

v Hcalc
v HChen

v HGao
v HSimunek

v
(GPa) (GPa) (GPa) (GPa) (GPa) (GPa)

Diamond 1114 0.07 96.018 98.9 93.6 93.6 95.4
BC2N 895 0.09 76.04 77.1 76.5 78.0 71.9
BC5 865 0.12 71.019 70.0 63.6 … …
c-BN 908 0.13 66.020 71.4 62.4 64.5 63.2
γ-B28 524 0.11 50.021 43.4 49.0 … …
B4C 449 0.17 30.022,a 29.4 32.6 … …
B6O 471 0.16 38.023 32.7 35.5 … …
β-SiC 457 0.16 34.024 31.7 34.8 30.3 31.1
SiO2 (stishovite) 564 0.21 33.04 28.1 30.0 30.4 …
WC 737 0.22 27.425 35.0 33.5 26.4 21.5
OsB2 423 0.26 29.426 20.0 17.8 22.8 26.7
VC 511 0.22 23.527 24.3 26.5 … 27.2
ReB2 639 0.18 26.628 39.1 38.6 23.7 28.2
ZrC 399 0.20 26.029 21.2 25.5 … …
TiC 430 0.21 29.430,b 21.4 25.1 … 18.8
HfC 430 0.20 19.029 22.8 26.7 … …
AlN 303 0.24 18.024 13.9 16.3 21.7 17.7
Al2O3 406 0.23 17.831 18.8 21.3 20.6 …
TiN 452 0.23 17.630,b 20.9 22.9 … 18.7
NbN 402 0.29 17.032 20.5 13.6 … 19.5
NbC 441 0.28 16.033 22.0 15.7 … 18.3
HfN 413 0.25 16.032 19.2 18.8 … …
GaN 302 0.26 15.134 14.3 14.1 18.1 18.5
RuB2 455 0.24 15.128 20.9 21.5 15.1 …
BeO 372 0.20 15.035 19.7 24.3 12.7 …
ZrO2 205 0.31 13.020 10.9 6.7 10.8 …
ZrN 200 0.33 12.032 11.0 5.2 … …
Si 162 0.22 12.036 7.7 12.0 13.6 11.3
GaP 138 0.24 9.524,b 6.3 9.2 8.9 8.7
InN 149 0.31 8.837 7.9 5.0 10.4 8.2
Ge 128 0.20 8.338 6.8 11.6 11.7 9.7
GaAs 116 0.24 7.524,b 5.3 8.0 8.0 7.4
ZnO 111 0.36 7.239 6.3 1.4 … …
Y2O3 160 0.31 6.440 8.5 5.4 7.7 …
AlP 118 0.26 6.524c 5.6 6.9 9.6 7.9
InP 89 0.30 4.224,b 4.6 3.4 6.0 5.1
AlAs 99 0.26 5.02 4.7 5.9 8.5 6.8
GaSb 63 0.31 3.924,b 3.4 1.9 6.0 5.6
AlSb 75 0.25 3.441 3.5 5.0 4.9 4.9
InAs 65 0.28 3.024,b 3.2 3.1 5.7 4.5
InSb 40 0.35 2.442,b 2.2 0.0e 4.3 3.6
ZnS 86 0.32 2.143,d 4.6 2.4 6.8 2.7
ZnSe 73 0.29 1.344,d 3.7 3.1 5.5 2.6
ZnTe 48 0.27 1.044,d 2.3 2.5 4.1 2.3
CdTe 37 0.32 0.644,d 2.0 0.3 … …
RMSE 4.1 4.4 2.8 2.9
MAE 3.1 3.2 2.5 2.1

aThere are reports that this value can reach 41 (summarized in Ref. 22). However, we use the average value as stated in Ref. 4.
bSome authors incorrectly use the Knoop hardness values for these materials which are provided in Refs. 6 and 7 from Refs. 2 and 45 instead of the Vickers
hardness.
cEstimated from the known values of Knoop hardness (9.5 GPa in Ref. 2) and Mohs hardness (5.5 in Ref. 46).
dThere is a very apparent anisotropy for the microhardness for these cubic compounds.47 The values are provided for the polycrystalline form H
(polycrystalline)≈H(111) > H(110).
eHere, Chen’s model gives a negative value. Zero value was assigned to maintain physical meaning.
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TABLE II. Comparison between experimental hardness and hardness predicted by the current model and model of Chen5 for bulk metallic glasses. Note that Chen et al. used
another formula to calculate the hardness, whereas our formula is the same for crystals and glasses. The elastic properties are calculated using the experimental shear
modulus G and bulk modulus B (Ref. 5) using the homogeneous approximation.

Material
Young’s modulus E Shear modulus G

Poisson’s ratio ν
Hexp

v Hcalc
v HChen

v
(GPa) (GPa) (GPa) (GPa) (GPa)

Fe41Co7Cr15Mo14C15B6Y2
48 226 84 0.34 12.6 12.5 12.7

Ni50Nb50
49 132 48 0.37 8.9 7.5 7.3

Ni40Cu5Ti17Zr28Al10
50 134 50 0.35 8.5 7.5 7.5

Ni39.8Cu5.97Ti15.92Zr27.86Al9.95Si0.5
50 117 43 0.36 8.1 6.6 6.5

Ni40Cu5Ti16.5Zr28.5Al10
50 122 45 0.35 7.8 6.8 6.8

Ni45Ti20Zr25Al10
50 114 42 0.36 7.8 6.4 6.3

Ni40Cu6Ti16Zr28Al10
50 111 41 0.36 7.7 6.2 6.2

{Zr41Ti14Cu12.5Ni10Be22.5}98Y2
51 108 40 0.33 6.8 5.9 6.1

Zr54Al15Ni10Cu19Y2
51 92 34 0.36 6.5 5.2 5.1

Zr53Al14Ni10Cu19Y4
51 86 32 0.46 6.4 4.9 4.8

Zr41Ti14Cu12.5Ni8Be22.5C1
51 106 40 0.34 6.1 5.9 6.0

Zr46.75Ti8.25Cu7.5Ni10Be27.5
49 100 37 0.34 6.1 5.6 5.6

Zr48Nb8Cu14Ni12Be18
51 94 34 0.37 6.1 5.3 5.2

Zr34Ti15Cu10Ni11Be28Y2
51 110 41 0.34 6.1 6.1 6.2

Zr57Nb5Cu15.4Ni12.6Al10
49 87 32 0.37 5.9 4.9 4.8

Zr48Nb8Cu12Fe8Be24
51 96 35 0.36 5.9 5.5 5.3

Zr40Ti15Cu11Ni11Be21.5Y1Mg0.5
51 94 35 0.36 5.7 5.3 5.2

Zr41Ti14Cu12.5Ni10Be22.5
49 101 37 0.35 6.0 5.7 5.6

Zr65Al10Ni10Cu15
49 83 31 0.35 5.6 4.7 4.6

Zr57Ti5Cu20Ni8Al10
49 82 30 0.36 5.4 4.6 4.6

Cu60Hf10Zr20Ti10
49 101 37 0.35 7.0 5.7 5.6

Cu50Zr50
49 85 32 0.33 5.8 4.8 4.8

Pd40Ni40P20
49 108 39 0.42 5.4 6.2 5.7

Pd40Ni10Cu30P20
49 98 35 0.40 5.0 5.6 5.3

Pd77.5Si16.5Cu6
49 95 34 0.38 4.5 5.4 5.3

Pt60Ni15P25
49 96 34 0.40 4.1 5.5 5.1

Mg65Cu25Tb10
49 51 20 0.31 2.8 2.7 3.0

Nb60Al10Fe20Co10
49 51 19 0.32 2.2 2.8 2.9

Ce70Al10Ni10Cu10
49 30 12 0.30 1.5 1.6 1.7

Er55Al25Co20
52 71 27 0.31 5.5 3.7 4.1

Dy55Al25Co20
52 61 24 0.30 4.7 3.2 3.6

Tb55Al25Co20
52 60 23 0.30 4.4 3.1 3.5

Ho55Al25Co20
52 67 25 0.31 4.1 3.5 3.8

La55Al25Co20
52 41 15 0.34 3.5 2.2 2.3

La55Al25Cu10Ni5Co5
52 42 16 0.34 3.0 2.3 2.4

Pr55Al25Co20
52 46 17 0.32 2.6 2.5 2.6

RMSE 0.9 0.9
MAE 0.8 0.8

TABLE III. Comparison between hardness predicted by the current model and models of Chen5 and Gao6 for auxetic materials found in Ref. 53 by computational search.
Experimental data are available only for α− SiO2. Apparently, all other models significantly overestimate hardness of these materials. Elastic properties are calculated within
the framework of density functional theory using the Perdew, Burke, and Ernzerhof (PBE) exchange-correlation functional13 within the generalized gradient approximation and
the projector-augmented wave method14 as implemented in the Vienna Ab Initio Simulation Package (VASP).15,16 The calculated Young’s modulus E and Poisson’s ratio ν are
determined within the Voigt-Reuss-Hill approximation.17

Material
Young’s modulus E

Poisson’s ratio ν
Hexp

v Hcalc
v HChen

v HGao
v

(GPa) (GPa) (GPa) (GPa) (GPa)

α-SiO2 65 −0.20 11.02 7.7 51.0 30.6a

o-AlPO4
b 44 −0.28 … 5.7 55.7 …

FeV3O8 23 −0.07 … 2.4 14.8 …
CoV3O8 21 −0.04 … 2.1 12.0 …

aValue is obtained from Ref. 6 and it is mentioned that not all factors are considered in the model due to the open crystal structure of this compound.
bFor high-temperature orthorhombic phase, see Ref. 54.
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TABLE IV. Comparison between experimental fracture toughness KIC and fracture toughness predicted by the current model and other models for covalent and ionic crystals.
The elastic properties and volume per atom V0 are calculated within the framework of density functional theory using the Perdew, Burke, and Ernzerhof (PBE) exchange-
correlation functional13 within the generalized gradient approximation and the projector-augmented wave method14 as implemented in the Vienna Ab Initio Simulation Package
(VASP).15,16 The calculated Young’s modulus E and Poisson’s ratio ν are determined within the Voigt-Reuss-Hill approximation.17

Material
Young’s modulus E

Poisson’s ratio ν
V0 Kexp

IC Kcalc
IC KNiu

IC
(GPa) (Å3/atom) (MPam1/2) (MPa m1/2) (MPa m1/2)

Diamond 1114 0.07 5.70 5.3–6.755 6.2 6.3
WC 737 0.22 10.61 7.555 7.7 5.4
c-BN 908 0.13 5.95 5.055 5.4 5.4
TiN 452 0.23 9.66 3.4–5.055 3.8 3.3
TiC 430 0.21 10.19 2.0–3.855 3.4 3.1
β-SiC 457 0.16 10.49 3.1–4.055 3.3 3.1
Al2O3 406 0.23 8.75 3.0–4.555,56 3.2 2.9
B4C 449 0.17 7.42 3.1–3.755 3.1 2.9
AlN 303 0.24 10.63 2.855 2.2 2.3
TiO2 281 0.28 12.22 2.1–2.855,57 2.3 2.3
α-Si3N4 308 0.28 10.62 3.158 2.6 2.5
MgO 307 0.18 9.67 1.9–2.055 1.9 2.1
ThO2 229 0.30 14.79 1.155 1.9 2.0
MgAl2O4 245 0.27 9.73 1.8–2.055 1.8 1.9
Y2O3 160 0.31 15.33 0.755 1.2 1.5
ZnO2 158 0.27 10.15 1.6–2.555 0.9 1.4
Si 162 0.22 20.41 0.8–1.055 0.9 1.3
GaP 138 0.24 21.18 0.956 0.8 1.2
Ge 128 0.20 24.17 0.659 0.6 1.1
MgF2 132 0.27 11.36 1.055 0.7 1.1
GaAs 116 0.24 23.92 0.460 0.6 1.0
BaTiO3 117 0.29 13.15 1.155 0.7 1.0
InP 89 0.30 27.0 0.4–0.561 0.5 0.9
ZnS 86 0.32 20.21 0.7–1.055 0.5 0.8
ZnSe 73 0.29 23.60 0.3–1.056 0.4 0.7
CdS 51 0.36 26.07 0.3–0.862 0.3 0.8
CdSe 44 0.36 29.79 0.3–1.262 0.3 0.5
NaCl 37 0.25 22.6 0.263 0.1 0.3

FIG. 6. Plot of fracture toughness KIC vs V1=6
0 [ζ(ν)E]3=2

for experimental data for covalent and ionic crystals
(Table IV).
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measuring the resulting area of indentation (Fig. 2). The Vickers
hardness number H is then determined as

H ¼ F
A
� 1:8544F

d2
, (6)

where F is the force applied to the diamond, A is the surface area
of the indentation, and d is the average length of the diagonal left
by the indenter.

The model of Chen et al.5 uses only the bulk modulus B and
the shear modulus G to predict hardness. Although the connection
between hardness and elastic properties may be arguable, they
showed that the correlation between them is very high. However,
the use of the bulk modulus B and shear modulus G is not very
appropriate for deriving these dependencies because B and G have
a strong correlation between themselves. The better choice of
two elastic variables is Young’s modulus E and Poisson’s ratio ν

(Fig. 3), because these properties are less correlated with each other
and thus expected to form a simpler expressions.

Rewriting the model obtained by Chen et al.5 in terms of
Young’s modulus E and Poisson’s ratio ν using the homogeneous
approximation

B ¼ E
3(1� 2ν)

; G ¼ E
2(1þ ν)

, (7)

we obtain the following formula for hardness:

H ¼ 2
9E(1� 2ν)2

8(1þ ν)3

� �0:585

�3: (8)

Therefore, the hardness can be well described in terms
of some effective modulus Eeff , which characterizes the real

TABLE V. Comparison between experimental fracture toughness KIC and fracture toughness predicted by the current model and model of Niu10 for a series of metals. The
elastic properties and volume per atom V0 are calculated within the framework of density functional theory using the Perdew, Burke, and Ernzerhof (PBE) exchange-correlation
functional13 within the generalized gradient approximation and the projector-augmented wave method14 as implemented in the Vienna Ab Initio Simulation Package
(VASP).15,16 The calculated Young’s modulus E and Poisson’s ratio ν are determined within the Voigt-Reuss-Hill approximation.17

Material
Young’s modulus E

Poisson’s ratio ν
V0 Kexp

IC Kcalc
IC KNiu

IC
(GPa) (Å3/atom) (MPam1/2) (MPa m1/2) (MPa m1/2)

Mg 62 0.27 22.87 16–18 17 20
Al 74 0.34 16.47 30–35 31 33
V 104 0.40 13.41 70–150 76 84
Ti 118 0.32 17.05 50–55 55 60
Ni 214 0.30 10.78 100–150 112 126
Fea 243 0.29 11.97 120–150 132 123
Ag 81 0.37 17.67 40–105 44 34
Au 78 0.42 17.85 40–90 62 43
β-Sn 55 0.30 28.4 15–30 17 22
Cu 134 0.35 11.94 40–100 76 55

aFerromagnetic phase of Fe.

TABLE VI. Comparison between experimental fracture toughness KIC and fracture toughness predicted by the current model and model of Niu
10 for a series of binary interme-

tallics. The elastic properties and volume per atom V0 are calculated within the framework of density functional theory using the Perdew, Burke, and Ernzerhof (PBE) exchange-
correlation functional13 within the generalized gradient approximation and the projector-augmented wave method14 as implemented in the Vienna Ab Initio Simulation Package
(VASP).15,16 The calculated Young’s modulus E and Poisson’s ratio ν are determined within the Voigt-Reuss-Hill approximation.17 Electronegativity factors fEN are obtained
from Niu et al.10

Material
Young’s modulus E

Poisson’s ratio ν
V0 Electronegativity factor Kexp

IC Kcalc
IC KNiu

IC
(GPa) (Å3/atom) fEN (MPam1/2) (MPa m1/2) (MPa m1/2)

Cu-Sn (3% Sn)a 148 0.32 12.25 1.00 40–8055 73 57
Cu-Sn (9% Sn)a 122 0.30 12.94 1.00 40–8055 50 43
Ni3Al 213 0.30 11.27 0.17 19–2164 19 21
FeAl 241 0.27 11.78 0.13 17–2565 15 18
Ti3Al 159 0.27 16.51 0.16 14–1855 11 11
NiAl 188 0.31 12.02 0.10 6–766 10 9
TiAl 183 0.22 16.15 0.09 855 6 9
Al3Sc 156 0.18 17.32 0.09 467 4 6

aTin bronze. See the calculation details in the work of Niu et al.10

Journal of
Applied Physics ARTICLE scitation.org/journal/jap

J. Appl. Phys. 126, 125109 (2019); doi: 10.1063/1.5113622 126, 125109-7

Published under license by AIP Publishing.

https://aip.scitation.org/journal/jap


elastic tensor

Eeff ¼ χ(ν)E, (9)

where χ(ν) is a dimensionless function of Poisson’s ratio.
This motivated us to search for a more accurate model and

consider the following formula:

H ¼ γ0Eeff ¼ γ0χ(ν)E, (10)

where γ0 is a dimensionless constant independent of the material.
χ(ν) can be approximated by a rational function (Fig. 4). By

fitting the experimental data we obtained γ0 ¼ 0:096 and

χ(ν) ¼ 1� 8:5ν þ 19:5ν2

1� 7:5ν þ 12:2ν2 þ 19:6ν3
: (11)

To ensure the correctness of the model, we plotted the rela-
tionship between the Vickers hardness and χ(ν)E (Fig. 5).

The results for covalent and ionic crystals are presented in
Table I and for bulk metallic glasses in Table II. It is notable that
the same formula describes all these materials.

Given the explicit role of Poisson’s ratio in our model, we
looked at some auxetic materials (i.e., those having a negative
Poisson’s ratio) and found that our model can make reasonable
predictions for hardness (Table III).

B. Fracture toughness

The model of fracture toughness is more speculative, because
the experimental data are much more uncertain. Therefore, there
are many ways to construct the model. However, we found a

similar approach to work well

KIC ¼ α�1=2
0 V1=6

0 [ζ(ν)E]3=2, (12)

where α0 depends on chemical bonding in the material and has

TABLE VIII. Predictions of hardness Hv and fracture toughness KIC for some mate-
rials obtained from Ref. 73. The elastic properties and volume per atom V0 are cal-
culated within the framework of density functional theory using the Perdew, Burke,
and Ernzerhof (PBE) exchange-correlation functional13 within the generalized gradi-
ent approximation projector-augmented wave method14 as implemented in the
Vienna Ab Initio Simulation Package (VASP).15,16 The calculated Young’s modulus
E and Poisson’s ratio ν are determined within Voigt-Reuss-Hill approximation.17

Material

Young’s
modulus E Poisson’s

ratio ν
V0 Hcalc

v Kcalc
IC

(GPa) (Å3/atom) (GPa) (MPam1/2)

BP 364 0.12 11.75 29.4 1.5
Cr2B 439 0.23 9.33 20.3 3.6
Cr2C 457 0.24 9.38 21.0 4.0
Cr5B3 453 0.20 9.14 24.0 3.4
Cr7C3 275 0.31 9.34 14.6 2.5
CrB 495 0.19 8.35 28.2 3.8
CrB4 573 0.13 7.37 45.0 2.8
CrB5 489 0.17 7.55 32.0 3.6
Hf6B 158 0.27 19.83 7.7 1.0
HfB10 438 0.18 7.79 26.8 3.1
HfB12 421 0.20 7.74 22.3 3.0
HfB2 454 0.13 10.66 35.7 2.3
MoB 527 0.25 10.14 24.5 5.2
MoB2 534 0.23 8.87 24.7 4.8
MoB3 523 0.17 9.26 34.2 4.1
ReB2 639 0.18 9.21 39.1 5.6
Ti5B4 354 0.17 11.48 23.2 2.4
Ti5B6 467 0.14 10.10 35.5 2.5
Ti7B2 167 0.28 14.46 8.3 1.1
TiB 439 0.15 10.87 32.0 2.8
TiB2 578 0.12 8.80 46.7 2.9
TiSi2 278 0.18 14.14 17.0 1.7
W2B 399 0.30 12.34 20.8 4.5
W4B3 513 0.24 11.54 23.6 5.0
W4B7 597 0.19 9.71 34.0 5.2
WB2 588 0.19 9.60 33.5 5.0
WB4 522 0.21 8.32 26.0 4.6
Zr3B2 194 0.26 15.58 9.2 1.3
ZrB12 479 0.16 7.82 33.2 3.3
ZrB2 519 0.14 10.35 39.4 3.0
ZrB4 522 0.14 8.88 39.7 3.0
α-WB 486 0.27 10.45 23.6 4.9
β-WB 474 0.24 10.45 21.8 4.2
TaB 510 0.21 11.33 25.4 4.4
VB 541 0.18 9.04 33.1 4.3
VB12 525 0.14 7.12 39.9 3.2

TABLE VII. Predictions of hardness Hv and fracture toughness KIC for some mate-
rials for which no experimental data were found. The elastic properties and volume
per atom V0 are calculated within the framework of density functional theory using
the Perdew, Burke, and Ernzerhof (PBE) exchange-correlation functional13 within
the generalized gradient approximation projector-augmented wave method14 as
implemented in the Vienna Ab Initio Simulation Package (VASP).15,16 The calcu-
lated Young’s modulus E and Poisson’s ratio ν are determined within Voigt-Reuss-
Hill approximation.17

Material

Young’s
modulus E Poisson’s

ratio ν
V0 Hcalc

v Kcalc
IC

(GPa) (Å3/atom) (GPa) (MPam1/2)

WB3 533 0.21 8.79 26.5a 4.5
WB5

b 620 0.15 8.79 45.2 4.7
CrB4 590 0.13 7.45 46.4 3.1
Fe3C 218 0.34 9.51 12.1 2.1
α-C3N4 784 0.16 82.19 54.4 10.5
β-C3N4 772 0.18 87.32 47.3 10.8
Cubic−
C3N4

874 0.13 41.31 68.7 7.5

aThe experimental values are in the range of 28–43 GPa.68
bA superhard form of tungsten boride found in Ref. 69.
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units of pressure, V0 is the volume per atom, and ζ(ν) is a dimen-
sionless function of Poisson’s ratio.

By fitting the experimental data for covalent and ionic crystals
(Fig. 6), we obtained α0 ¼ 8840GPa and

ζ(ν) ¼ 1� 13:7ν þ 48:6ν2

1� 15:2ν þ 70:2ν2 � 81:5ν3
: (13)

The results are presented in Table IV.
The same model can be applied for pure metals. In this case,

α0 ¼ 2GPa, much smaller, and ζ(ν) remains the same. Results for
metals are given in Table V.

In the case of intermetallics (two or more elements with
metallic bonding), it is necessary to introduce the electronegativity
factor fEN as in Eq. (4). This factor characterizes the tendency of
electrons to form localized states centered on the more electro-
negative atoms. If the electrons are localized, we expect a low
fracture toughness. Therefore, we use the following formula for
intermetallics:

KIC ¼ fENα
�1=2
0 V1=6

0 [ζ(ν)E]3=2: (14)

The results for intermetallics are presented in Table VI.

III. CONCLUSIONS

Motivated by finding that Young’s and Poisson’s moduli are
less correlated and, therefore, serve as more natural elastic vari-
ables, we developed new models of hardness and fracture tough-
ness, which display very good agreement with experiment. The
empirical, but physically motivated formulas, which we obtained,
are surprisingly accurate and can facilitate the development of
theoretical models. Although hardness and fracture toughness
are determined not only by elastic deformations, we clearly
showed that a good correlation can be established. The relation-
ship between the hardness and elasticity can be traced via the
crystal structure. In particular, some of this relation is on
Poisson’s ratio and indeed its connection to structure related
properties including elastic anisotropy and packing density is
well known.70 This also agrees with previously established
results that plastic deformations can be correlated with Poisson’s
ratio.71 Roughly speaking, Young’s modulus characterizes overall
strength of bonds while Poisson’s ratio relates to chemical bonding.
In particular, it has high values for metals and can serve as an
indicator of ductile behavior.72

Using analytical models proposed here, we made predictions
for some materials with unknown experimental hardness and frac-
ture toughness (Table VII). We also calculated the values for data
obtained from Ref. 73 (Table VIII). Ashby plot of the Vickers hard-
ness vs fracture toughness for these and other materials is presented

FIG. 7. Ashby plot of Vickers hardness vs fracture tough-
ness for various materials calculated by the current model.
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in Fig. 7. This plot can be used to find materials with the desired
combination of properties.
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