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ABSTRACT: Nitrides, carbides, and borides of transition metals are an attractive class of
hard materials. Our recent preliminary explorations of the binary chemical compounds
indicated that chromium-based materials are among the hardest transition metal
compounds. Motivated by this, here we explore in detail the binary Cr−B, Cr−C, and
Cr−N systems using global optimization techniques. Calculated enthalpy of formation and
hardness of predicted materials were used for Pareto optimization to define the hardest
materials with the lowest energy. Our calculations recover all numerous known stable
compounds (except Cr23C6 with its large unit cell) and discover a novel stable phase
Pmn21-Cr2C. We resolve the structure of Cr2N and find it to be of anti-CaCl2 type (space
group Pnnm). Many of these phases possess remarkable hardness, but only CrB4 is
superhard (Vickers hardness 48 GPa). Among chromium compounds, borides generally
possess the highest hardnesses and greatest stability. Under pressure, we predict
stabilization of a layered TMDC-like phase of Cr2N, a WC-type phase of CrN, and a new
compound CrN4. Nitrogen-rich chromium nitride CrN4 is a high-energy-density material
featuring polymeric nitrogen chains. In the presence of metal atoms (e.g., Cr), polymerization of nitrogen takes place at much
lower pressures; CrN4 becomes stable at ∼15 GPa (cf. 110 GPa for synthesis of pure polymeric nitrogen).

Generally, the hardest and most popular superhard
materials known to date belong to two groups, (1)

some B−C−N compounds and their derivatives (e.g., refs 1 and
2) and (2) nitrides, carbides, and borides of some transition
metals. Compounds of the first class are semiconducting and
brittle, and the best-known superhard phases (i.e., with Vickers
hardness > 40 GPa) belong to it, whereas those of the second
class are usually metallic and more ductile. These two classes of
very hard materials were uncovered in our preliminary
computational searches across the chemical space. We explore
a number of combinations of these elements, searching for
materials with the best property (e.g., highest hardness,
computed using the Lyakhov−Oganov model3). We indeed
found diamond to be the hardest possible single-crystal material
and B−C−N phases to have the highest hardnesses, and among
non-B−C−N compounds, the Cr−B, Cr−C, and Cr−N
systems were indicated among the most promising for the
existence of new hard and superhard materials. Indeed, recent
theoretical studies of chromium nitrides and borides reported
that CrB4 and hypothetical metastable CrN2 can have
hardnesses of 474,5 and 46 GPa,6 respectively.
Usually, chromium metal and its compounds are used in a

wide range of applications mainly related to wear-resistant
coatings,7−12 cutting tools,13,14 and metal forming and plastic
molding applications.15 Chromium nitride, CrN, is often used
in medical implants and tools as a coating material due to its

good wear, oxidation, and corrosion resistance.9−11 CrN is also
a valuable component in advanced multicomponent coating
systems, such as CrAlN, for hard, wear-resistant applications on
cutting tools.16

Experimentally, six different chromium borides (Cr2B, Cr5B3,
CrB, Cr3B4, CrB2, and CrB4) are known,17−21,4 and recently,
their mechanical characteristics were examined theoreti-
cally.4,5,22 The experimental Vickers hardness of most Cr−B
phases ranges from 20.7 to 24 GPa,23,24 while the Vickers
hardness of the CrB4 phase was reported to be in the range 29−
44 GPa.24

It is known from experiments that there are three stable
chromium carbides, Cr23C6, Cr3C2, and Cr7C3.

12−14,25,26

Powders of Cr3C2 were prepared by heat treatment of
metastable chromium oxides of controlled morphology in a
H2−CH4 atmosphere.8 Other metastable chromium carbides
such as CrC and Cr3C have also been synthesized.27−30

Theoretically calculated values of Vickers hardness of
chromium carbide phases by the Šimůnek model31 vary from
13 to 32 GPa,32 which is in good agreement with experi-
ments.33−35
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Chromium nitrides are less studied, with most experimental
works devoted to CrN and reporting the existence of a cubic
paramagnetic B1 phase (NaCl-type) with Fm3 ̅m space
group.36,37 However, at temperatures below the Neél temper-
ature (200−287 K),37−40 the B1-CrN phase transforms to an
orthorhombic antiferromagnetic phase with Pnma space
group,37,39 and this transition was studied theoretically.41

Today, electronic and magnetic properties of chromium nitride
at low temperatures are actively studied.37,41−44

In addition to CrN, there is another stable compound Cr2N,
which appears together with CrN during the fabrication of Cr−
N films and displays comparable wear resistance but worse
oxidation resistance.45−48 Coating of Cr2N can be synthesized
by either solid-state metathesis reaction of CrCl3 with Li3N

49 or
by controlling the N flux.47,48,50−52 The theoretically predicted
crystal structure of Cr2N

53 was based on experimental data of
Eriksson,50 which reported a hexagonal close-packed structure
with a P3 ̅1m space group with lattice parameters of a = 4.752 Å
and c = 4.429 Å. Recently, comprehensive first-principles
calculations of the atomic structure and physical properties of
different Cr2N phases with only varying distribution of the N
atoms were reported.54

It is important that none of the above-mentioned works
attempted global optimization of Cr−B, Cr−C, and Cr−N
systems and considered only already known or hypothesized
compounds.
In this Letter, we explore the Cr−B, Cr−C, and Cr−N

systems using the evolutionary structure prediction algorithm
USPEX and density functional theory (DFT). The structure,

stability, elastic constants, and hardness of all considered phases
are studied in detail.
First, we searched for stable compounds in the Cr−B, Cr−C,

and Cr−N systems at zero pressure. On the basis of the
calculated enthalpies of formation of predicted phases for
different compositions, convex hull diagrams were constructed,
shown in Figure 2a−c. Red points in the convex hull diagrams
correspond to thermodynamically stable phases (see Figure
2a−c), and open points are studied metastable phases (see
Figure 2c,f). One can note from Figure 2a that five chromium
borides were found including I4/m-Cr2B, I4/mcm-Cr5B3,
Cmcm-CrB, Immm-Cr3B4, P6/mmm-CrB2, and Pnnm-CrB4. All
of these predicted phases were already known from previous
experimental works18,19,24 and are successfully found here in an
unbiased calculation.
During an evolutionary search of the Cr−C system, we found

only three thermodynamically stable phases of chromium
carbides, shown in Figure 2b by red points: Pnma-Cr7C3,
Pmn21-Cr2C, and Pnma-Cr3C2. However, there is one stable
phase Cr23C6 with Fm3 ̅m space group, which has not been
found due to a large number of atoms (29) in the unit cell
(blue point in Figure 2b). The crystal structure of Fm3 ̅m-
Cr23C6 was taken from experiment,32 and the formation
enthalpy was calculated to compare it with found structures.
Our calculations confirm stability of all the experimentally
known chromium carbides and predict stability of a hitherto
unknown phase Pmn21-Cr2C.

8,25 In the Cr−N system, only two
thermodynamically stable phases were found: Pnma-CrN and
Pnnm-Cr2N. These phases were experimentally synthesized in a
number of studies,36,37,47−52 although the structure of Cr2N

Table 1. Lattice Parameters of Predicted Cr−B and Cr−C Phases

comp. space group lattice parameters, Å V, Å3/unit ρ, g/cm3

Cr2B I4/m a = 4.21, b = 6.59, c = 4.04 27.95 6.82
Cr5B3 I4/mcm a = 5.43, b = 2.66, c = 4.56 73.15 6.64
CrB Cmcm a = 2.92, b = 7.84, c = 2.92 (theor: a = 2.93, b = 7.84, c = 2.92)21 (exp: a = 2.959, b = 7.846, c = 2.919)21 66.79 6.25
Cr3B4 Immm a = b = 2.92, c = 6.54 55.82 5.93
CrB4 Pnnm a = 5.47, b = 2.85, c = 4.72 (exp: a = 5.48, b = 2.87, c = 4.74)4,24 (exp: a = 5.48, b = 2.87, c = 4.75)20 36.85 4.29
CrB2 P6/mmm a = b = 2.98, c = 2.91 (theor: a = b = 2.97, c = 3.08)55 (exp: a = b = 2.97, c = 3.07)17,24 22.46 5.44
Cr7C3 Pnma a = 4.48, b = 6.94, c = 12.01 (theor: a = 4.51, b = 6.91, c = 12.08)32 (exp: a = 4.53, b = 7.01, c = 12.14)56 93.46 7.11
Cr2C Pmn21 a = 5.01, b = 2.82, c = 3.98 28.13 6.85
Cr3C2 Pnma a = 2.78, b = 5.47, c = 11.45 (theor: a = 2.79, b = 5.48, c = 11.47)32 (exp: a = 2.83, b = 5.55, c = 11.49)57 43.72 6.84
Cr23C6 Fm3̅m a = b = c = 10.82 (theor: a = b = c = 10.56)32 (exp: a = b = c = 10.66)58 291.04 7.09

Figure 1. Crystal structures of predicted Cr−C and Cr−B phases. Cr atoms are green, carbon is black, and boron is red.
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remained unknown. Other predicted phases, denoted by green
points, are metastable (see Figure 2c). Structural parameters of
all predicted phases are summarized in Table 1 and illustrated
in Figure 1.
Let us now consider results of Pareto optimization shown in

Figure 2d−f. All points, which belong to a certain Pareto front,
are connected by a black line. The first Pareto front contains
phases with simultaneously optimal high hardness (estimated
using Lyakhov−Oganov model3) and maximum stability
(measured as the vertical distance from the convex hull). We
consider the most promising phases, which are located mostly
in the first five Pareto fronts, shown by red and open circles,
which lie on the convex hull or close to it (see Figure 2d−f).
We note that the Lyakhov−Oganov model, convenient,
numerically stable, and usually reliable, was used for Pareto
screening (and shown in Figure 2); however, it must be noted
that Chen’s model59 is more accurate (these values are given in
Table 2 and taken as final theoretical hardnesses in this work).

The most remarkable hardnesses, as well as the largest
negative enthalpies of formation, are seen in the Cr−B system.
CrB4 is predicted to be superhard (Hv = 47.6 GPa), while all of
the other stable Cr−B phases display hardnesses below 35 GPa
(see Table 2), which agrees well with reference experimental
data.23,24 Other phases with higher hardness have higher
formation enthalpy and therefore are metastable or unstable at
zero pressure. Most structures with hardness > 40 GPa are pure
boron phases. Predicted stable Cr−C phases have a Vickers
hardness below 22 GPa (see Table 2), in agreement with
experimental observations.33−35 Phases with hardnesses of
about 70−80 GPa are hypothetical metastable carbon
allotropes, and the hardest phase in the first Pareto front
(Figure 2e) with a hardness of 89 GPa is diamond with a
formation enthalpy of 0.028 eV/atom, which agrees well with
reference data.60,61

Results of Pareto optimization of the Cr−N system show
that thermodynamically stable CrN and Cr2N phases display
hardnesses up to 30 GPa. While metastable CrN2 is predicted

Figure 2. Convex hull diagrams of (a) Cr−B, (b) Cr−C, and (c) Cr−N systems and results of Pareto optimization in terms of formation enthalpies
and hardness, computed using the Lyakhov−Oganov model3 for (d) Cr−B, (e) Cr−C, and (f) Cr−N systems. Numbers in circles denote the
number of the Pareto front. Full circles are stable phases, open circles are metastable binary phases, and full triangles are one-component phases. The
square is the Fm3̅m−Cr23C6 structure from ref 32.
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to be superhard using Gao’s and Lyakhov−Oganov models,
Chen’s model gives a lower hardness (29.5 GPa). For
metastable CrN4 structures located in the first and second
Pareto fronts (open circles in Figure 2f), the predicted
Lyakhov−Oganov hardness of ∼60 GPa is a rare failing of
this model; the more accurate Chen’s model predicts much
lower values (see Table 2). For the other phases, agreement
between different models of hardness is much better. We also
calculated the ideal strength of Pnma-CrN, P6 ̅m2-CrN, Pnnm-
Cr2N, R3c-CrN4, and Pnnm-CrB4 phases to be equal to 38.2,
41.7, 37.3, 24.2, and 52.5 GPa, respectively. The ideal strength

of Pnnm-CrB4 was calculated before,22 in close agreement with
our result. Obtained values of ideal strength correspond well
with data for Vickers hardness calculated by Chen’s model.
We examined the mechanical properties of considered

phases, summarized in Table 2. Considering the Cr−B system,
the maximum value of the bulk modulus was obtained for the
P6/mmm-CrB2 phase (278 GPa). The Pnnm-CrB4 phase
displays the largest value of shear modulus (252 GPa), which
agrees extremely well with the theoretical and experimental
values (26722 and 261 GPa,4 respectively). Among chromium
carbides, the highest bulk modulus is 296 GPa for Pnma-Cr3C2,

Table 2. Mechanical Properties of Chromium-Based Materials, Including the Bulk Modulus (B), Shear Modulus (G), Hardness
Calculated Using Gao’s Model (HG), Chen’s Model (HC), and the Lyakhov−Oganov Model (HLO), Pugh’s Modulus Ratio (k =
G/B), and Thermal Expansion for Cr−N Phases at 300 K (α)

comp.
space
group B, GPa G, GPa HG, GPa HC, GPa

HLO,
GPa k α, 10−6 K−1

Cr2B I4/m 269.5 178.3 28.1 22.6 21.5 0.66 −
Cr5B3 I4/mcm 250.7 189.4 26.2 27.9 22.9 0.76 −
CrB Cmcm 255.3 209.5 32.6 33.2 28.6 0.82 −

(theor: 304.8)21 (exp:
269)21

(theor: 225.4)21 (exp: 19.2−23)21,23

Cr3B4 Immm 276.6 202.8 32.9 28.1 34.1 0.73 −
(exp: 20.9−23.0)23

CrB4 Pnnm 252.6 (theor: 265)4 (exp:
232)24

251.8 (theor: 26722)
(exp: 2614)

36.6 (theor:
46.8)5

47.6 (theor:
48)4

32.9 0.83 −

(exp: 28.6−44)24

CrB2 P6/mmm 278.4 (theor: 298)5 (exp:
228)24

156.4 (theor: 172)5 23.6 16.6 24.8 0.56 −

(exp: 23.1−15.8)24

Cr7C3 Pnma 264.6 (theor: 300.6)32 104.4 (theor: 118)32 25.1 7.2 33.1 0.44 −
(theor: 18.332) (exp: 16.9,34 17,63 1635) −

Cr2C Pmn21 292.8 184.5 27.3 21.6 24.5 0.63
Cr3C2 Pnma 296.2 (theor: 312.9)32 163.6 (theor: 162)56 26.6 16.7 31.5 0.55 −

(theor: 20.932) (exp: 18.9,6318.364)
Cr23C6 ref.

32 Fm3̅m 263.4 (theor: 282.3)32 (exp:
300)56

178.3 24.8 14.1 21.5 0.53 −

(theor: 13.2,32 exp: 1563)
CrN (U−J = 1 eV) Pnma 221.4 (exp: 262)39 152.1 35.8 21.4 34.8 0.72 2.01
CrN (U−J = 1 eV) P6̅m2 312.6 220.5 36.8 28.2 34.6 0.74 2.14
Cr2N Pnnm 235.4 133.1 31.8 15.0 31.3 0.59 2.05
Cr2N P63/mmc 239.8 116.1 37.9 11.0 41.0 0.47 2.55
CrN4 (U−J = 1 eV) C2/m 26.7 21.8 46.8 2.2 31.6 0.82 6.52
CrN4 (U−J = 1 eV) R3c 176.6 101.1 57.2 12.5 59.5 0.59 1.39
CrN2 ref 6 P6̅m2 273.6 (theor: 366)6 235.3 (theor: 256)6 46.3 (theor:

45.9)6
29.5 44.4 0.69 −

Figure 3. (a) Simulated XRD pattern with λ = 1.54 Å. Blue lines are experimental XRD patterns from ref 49. (b) Crystal structures of CrN, Cr2N,
and CrN4 phases. Green spheres, Cr atoms; blue, N atoms.
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and the highest shear modulus is 292 GPa for the Pmn21-Cr2C
phase. The highest bulk modulus of Cr−N phases corresponds
to the P6 ̅m2-CrN phase (312 GPa). It was expected that this
tungsten carbide (WC-type) phase would reveal exceptional
mechanical properties (WC has a bulk modulus of 439 GPa62).
The bulk moduli of Pnnm and P63/mmc phases of Cr2N are 232
and 239 GPa, respectively. More detailed information on the
elastic tensors of the studied phases is summarized in Table S2
(Supporting Information).
We paid more attention to the less studied Cr−N system and

its stable and metastable phases. Part of the interest in new
nitride phases comes from the possibility of reduction of the
pressure of nitrogen polymerization for synthesis of high-
energy-density materials. It is necessary to compress pure
nitrogen to >110 GPa65 to obtain a polymeric phase, and such a
high pressure precludes any practical applications. One of the
possible ways to reduce the polymerization pressure is to
combine nitrogen with metal ions (such as chromium, explored
here). Indeed, it was found previously that presence of sodium
reduces the polymerization pressure of nitrogen down to ∼80
GPa in the compound NaN3.

66

In the convex hull diagram of the Cr−N system, three
different compositions of CrNx were found with x = 0.5, 1, and
4. The X-ray diffraction (XRD) patterns are shown in Figure
3a. One can see good agreement between simulated and
experimental49 XRD patterns of Pnma-CrN, shown in the (i)
panel of Figure 3a. We found that the XRD pattern of the
predicted Pnnm-Cr2N agrees perfectly with experimental data
from ref 49 (see Figure 3a, panel (ii)). This phase, observed in
several experimental works,47−52 remained structurally unre-
solved until now, but here we finally determine its crystal
structure; it has the Pnnm space group and is isostructural with
calcium chloride (CaCl2)

67 and poststishovite SiO2
68 (see

Figure 3b).
The Pnma-CrN phase has a NaCl-type structure with

orthorhombic distortion due to antiferromagnetic ordering,
while predicted P6̅m2-CrN is isostructural with WC. Another
phase of Cr2N with space group P63/mmc has a layered
structure and is isostructural to layered transition metal
dichalcogenides (TMDCs), shown in Figure 3b. This phase
could be considered as a possible material for isolation of a
single layer of Cr2N using micromechanical cleavage.69,70

Newly predicted CrN4 is found in two forms, with space
groups R3c and C2/m; their structures are shown in Figure 3b.
Detailed structural parameters and energies relative to the
convex hull (see Figure 2c) of considered phases are
summarized in Table 3.
Computed phonon densities of states for the Pnma and

P6̅m2 CrN phases at zero pressure are shown in the (i) panel of
Figure 4a and display the absence of imaginary phonon
frequencies, which manifests the dynamical stability of both
CrN phases. The phase transition pathway from Pnma to P6̅m2
CrN was modeled by the variable-cell nudged elastic band
(VCNEB) method71 and is shown in Figure S1 (see the
Supporting Information for details).
Both of the Cr2N phases (with space groups Pnnm and P63/

mmc) were found to be dynamically stable (see panel (ii) of
Figure 4a), the formed being energetically slightly more stable
and matching perfectly the experimental XRD patterns (Figure
3a). It is important to note that for metallic Cr2N phases we did
not use the Hubbard U-term correction, in contrast to CrN and
CrN4 phases. Detailed information on the choice of the U−J
parameter is described in the Supporting Information. T
ab
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Two lowest-enthalpy CrN4 phases that emerged from our
evolutional searches are in fact high-energy-density materials
with polymeric nitrogen chains with two atoms (C2/m-CrN4)
and flat triangle groups of N4, similar to NO3 groups but with
the oxygen atoms substituted by nitrogen atoms (R3c-CrN4) in
the repeat unit. The effect of electron correlation is important
in these phases; for example, they are both dynamically
unstable at U−J = 0 eV (see Figure S2) and dynamically stable
with U−J = 1 eV (see Figure 4a, panel (iii)).
Both CrN4 phases are metastable at zero pressure and even

have positive enthalpies of formation (see Figure 2c). However,
at pressures above 5 GPa, the formation enthalpy of the C2/m
phase becomes negative (above 7.5 GPa for R3c-CrN4), and at
a pressure of 17 GPa, the phase transition C2/m → R3c occurs.
Calculations of the phase transition pressure with U−J from 0
to 5 eV gave the phase transition pressure in a region from 12
to 24 GPa at 0 K. At pressures above ∼15 GPa, CrN4 becomes
thermodynamically stable (see Figure 5).
Containing polymeric nitrogen chains, at normal conditions

CrN4 can be a high-energy-density material. We estimated the
energy density of CrN4 (equal to the enthalpy of reaction CrN4
→ CrN + 3/2N2) to be equal to 1.96 and 3.51 MJ/kg for C2/m
and R3c phases, respectively. For comparison, the energy

density of TNT (trinitrotoluene) is 4.6 MJ/kg,72 for gun
powder, it is 3 MJ/kg, for nitroglycerin, it is 6.6 MJ/kg,73 and
for lead azide, it is 2.6 MJ/kg.74 Our results show that the
presence of metals (such as Cr) lowers the pressure of
polymerization of nitrogen even though with reduced (but still
high) energy density.
Conditions for experimental synthesis of CrN phases were

estimated by computing phase diagrams, shown in Figure 4c,
where the Pnma → P6 ̅m2 phase transition pressure at 0 K is
19.9 GPa, which is readily achievable in experiments. The phase
boundary between Pnnm and P63/mmc phases of Cr2N is
shown in Figure 4d, where the Pnnm phase undergoes phase
transition to P63/mmc at 2.2 GPa at 0 K. Thus, it should be
possible to synthesize a new Cr2N phase with a layered
structure at very mild pressures, and this phase should remain
dynamically stable upon decompression to ambient pressure.
The computed phase diagram of the pressure-induced C2/m→
R3c phase transition of CrN4 is shown in Figure 4 e, where the
phase transition pressure is 16.4 GPa at 0 K.
The convex hull diagrams of Cr−N phases were calculated at

pressures of 10, 20, and 30 GPa, as shown in Figure 5. We see
the same stable compositions as at zero pressure, and in

Figure 4. (a) Phonon densities of states of Cr−N phases. (b) Dependence of the enthalpy of formation on the external pressure for CrN4 phases.
Phase diagrams of (c) CrN, (d) Cr2N, and (e) CrN4.

Figure 5. Convex hull diagrams for Cr−N system at (a) 10, (b) 20, (c) 30 GPa.
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addition, CrN4 becomes thermodynamically stable at pressures
above ∼15 GPa.
To conclude: in this work, we studied new phases in the Cr−

B, Cr−C, and Cr−N systems using global optimization
combined with the Pareto optimization technique, which
allows us to search for new stable materials with outstanding
hardness. We found all experimentally known chromium
borides, carbides, and nitrides (except Cr23C6 with a relatively
large unit cell) and predicted several new phases. The hardness
of the predicted phases was calculated using different models
and compared with available experimental and theoretical data.
Overall, chromium borides are shown to possess the highest
hardnesses and largest negative enthalpies of formation,
compared to carbides and nitrides. The only thermodynami-
cally stable superhard compound here is CrB4 with a predicted
hardness of ∼48 GPa, in excellent agreement with experi-
ments.24 Detailed investigation of the less studied Cr−N
system was carried out. The previously unresolved crystal
structure of Cr2N was shown to be of anti-CaCl2 type (space
group Pnnm). We found that synthesis of CrN4 phases with an
energy density up to 3 MJ/kg and featuring polymeric nitrogen
chains can be realized by applying pressure above ∼15 GPa,
much lower than the 110 GPa needed to synthesize pure
polymeric nitrogen.
Methods used in this study: stable phases in the Cr−B, Cr−

C, and Cr−N systems were predicted using a first-principles
variable-composition evolutionary algorithm (EA) in coupling
with the Pareto optimization technique as implemented in the
USPEX code.75−80 Here, evolutionary searches were combined
with structure relaxations using DFT81,82 within the spin-
polarized generalized gradient approximation (Perdew−Burke−
Ernzerhof functional),83 as implemented in the VASP84−86

package. The plane-wave energy cutoff was set to 500 eV. To
study the phase transition pathways of CrN phases, we used the
VCNEB71 method as implemented in the USPEX code. In
order to take into account strong electron correlations between
the localized 3d electrons of Cr atoms, the GGA+U approach
within Dudarev’s formulation87,88 was applied in some cases
(unless explicitly stated otherwise, U−J = 0 was used). For
Brillouin zone sampling, Γ-centered k-meshes of 2π × 0.05 Å−1

resolution were used, ensuring excellent convergence of total
energies. During structure searches, the first generation was
produced randomly within 16 atoms in the unit cell, and
succeeding generations were obtained by applying heredity
(40%), softmutation (20%), and transmutation (20%) oper-
ations, respectively, and 20% of each generation was produced
using a random symmetry structure generator. Two types of
variable-composition calculations were performed in each
binary system (Cr−B, Cr−C, Cr−N): (1) optimizing stability
and (2) jointly optimizing stability and hardness with Pareto
ranking of all structures (in the latter case, the fitness of each
structure was taken to be equal to the order of its Pareto front).
For the predicted crystal structures, we performed high-

quality calculations of their physical properties. Crystal
structures were relaxed until the maximum net force on
atoms became less than 0.01 eV/Å. The Monkhorst−Pack
scheme89 was used to sample the Brillouin zone, using 12 × 12
× 12 (Pnma-CrN), 8 × 8 × 10 (Pnnm-Cr2N), 12 × 12 × 8
(C2/m-CrN4), 6 × 6 × 6 (Fm3 ̅m-Cr23C6), 8 × 8 × 8 (Pmn21-
Cr2C), 8 × 6 × 4 (Pnma-Cr3C2), 8 × 6 × 4 (Pnma-Cr7C3), 8 ×
8 × 8 (I4/m-Cr2B), 8 × 8 × 6 (Immm-Cr3B4), 8 × 8 × 6 (I4/
mcm-Cr5B3), 8 × 8 × 8 (Cmcm-CrB), and 6 × 8 × 6 (Pnnm-
CrB4), while for hexagonal lattices the Γ-centered grid was used

with k-points mesh of 12 × 12 × 12 (P6/mmm-CrB2), 12 × 12
× 12 (P6 ̅m2-CrN), 8 × 8 × 4 (P63/mmc-Cr2N), and 8 × 8 × 6
(R3c-CrN4).
The hardness was estimated according to three models: the

Lyakhov−Oganov model3 (HLO), Gao’s model90 (HG), and
Chen’s model59 (HC); in the latter, hardness is calculated using
the following relation

= −H k G2( ) 3C
2 0.585

where k is the Pugh ratio (k = G/B), G is the shear modulus,
and B is the bulk modulus. The bulk and shear moduli were
calculated from the elastic tensors via Voigt−Reuss−Hill
(VRH) averaging.41

Phase diagrams were obtained using the computed Gibbs
free energies G of the relevant phases in the quasiharmonic
approximation91

= + +G P T E V F T V P T V V( , ) ( ) ( , ) ( , )0 vib

where E0 is the total energy from the DFT calculations and Fvib
is vibrational Helmholtz free energy calculated from the
following relation
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Here g(ω(V)) is the phonon density of states at a given
volume, calculated using the finite-displacements approach,
where forces on atoms were calculated the VASP package,84−86

and the phonon frequencies were calculated from the force
constants using the PHONOPY package.92,93 Once Gibbs free
energies are computed, phase equilibrium lines on the phase
diagram are determined as loci of points where free energies of
phases are equal. The chosen approach was validated by a
number of reference papers91,94−99 which calculated the phase
diagram P(T) of various materials. Images of crystal structures
of the predicted phases were generated using VESTA
software.100
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(31) Šimůnek, A. How to Estimate Hardness of Crystals on a Pocket
Calculator. Phys. Rev. B: Condens. Matter Mater. Phys. 2007, 75,
172108.
(32) Li, Y.; Gao, Y.; Xiao, B.; Min, T.; Yang, Y.; Ma, S.; Yi, D. The
Electronic, Mechanical Properties and Theoretical Hardness of
Chromium Carbides by First-Principles Calculations. J. Alloys
Compd. 2011, 509, 5242−5249.
(33) Jellad, A.; Labdi, S.; Benameur, T. On the Hardness and the
Inherent Ductility of Chromium Carbide Nanostructured Coatings
Prepared by RF Sputtering. J. Alloys Compd. 2009, 483, 464−467.
(34) Motono, H.; Yoshinaka, M.; Hirota, K.; Yamaguchi, O.
Simultaneous Synthesis and Sintering of Chromium Carbide
(Cr7C3) Powder by Spark Plasma Sintering Method. Funtai oyobi
Funmatsu Yakin 2003, 50, 372−376.
(35) Esteve, J.; Romero, J.; Goḿez, M.; Lousa, A. Cathodic
Chromium Carbide Coatings for Molding Die Applications. Surf.
Coat. Technol. 2004, 188−189, 506−510.
(36) Hasegawa, M.; Yagi, T. Systematic Study of Formation and
Crystal Structure of 3d-Transition Metal Nitrides Synthesized in a
Supercritical Nitrogen Fluid under 10 GPa and 1800 K Using
Diamond Anvil Cell and YAG Laser Heating. J. Alloys Compd. 2005,
403, 131−142.
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■ NOTE ADDED IN PROOF
Just before the publication of this paper, our other paper
(Zhang, J.; Oganov, A. R.; Li, X.; Niu, H. Pressure-stabilized
hafnium nitrides and their properties. Phys. Rev. B 2016 95,
0201 03(R)) appeared, predicting a very interesting high-
energy-density phase HfN10 at pressures above 23 GPa; its
structure also features polymeric nitrogen chains.

■ NOTE ADDED AFTER ASAP PUBLICATION
This paper was published ASAP on January 31, 2017. Text was
updated. The revised paper was reposted on February 3, 2017.
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